The orientation field induced by the steady, radially diverging, Newtonian flow between flat, parallel disks is studied. Exact solution for the tbreedimensional rotation of a rigid, hydrodynamically isolated, neutrally buoyant, non-Brownian, slender particle is developed throughout the flow domain from an Eulerian viewpoint. Hence, a closed-form expression is obtained for the orientation distribution, which represents the accurate spatial characterization of the orientation field. In addition, the accuracy of the closure approximations used in complex suspension flow simulations is investigated. Both hybrid and quadratic closure approximations are found to yield considerably inaccurate results, including incorrect asymptotic behavior. The exact solution indicates a stable skin-core orientation structure at large distances from the inlet, which is also confirmed by the available experimental data. 0 1995 Society of Rheology.
I. INTRODUCTION
The flow of suspensions containing rigid, neutrally buoyant, slender particles exhibits numerous interesting rheological behavior. These material systems may he processed by a variety of molding operations, such as transfer, compression, and injection molding or by extrusion. During molding operations and extrusion, an unsteady, nonisothermal flow with a moving free surface usually occurs in a geometrically complex cavity. Once the part is shaped, the slender particles, usually referred to as fibers, act as reinforcing agents, thus forming a product with anisotropic thermophysical properties. Therefore, from a processing viewpoint, the characterization of flow kinematics as well as the conformation of microstructure and the resulting anisotropy are among the primary concerns in complex suspension flows.
During the last four decades, numerous studies have focused on developing anisotropic constitutive models for fluids with evolving microstructure. The models that originate from continuum mechanics [Ericksen (196Oa, 1960b) ; Hand (1962) ; Eringen (1964 Eringen ( , 1991 ] have similar functional forms to those models that utilize microstructural information [Batchelor (1970) ; Doi and Edwards (1978a, 1978b) ; Lea1 (1975, 1976) ; Dinh and Armstrong (1984) ; Lipscomb et al. (1988) ]. Currently, the constitutive theory for a suspension containing hydrodynamically isolated, non-Brown& neutrally buoyant, rigid spheroidal particles is well-developed (i.e., dilute suspension theory). In fact, some of the important features of nondilute systems can also be captured using dilute suspension models [Lipscomb et al. (1988) ; Rao et al. (1994) ] or similar formula- tions [Dinh and Armstrong (1984) ; Bibbo et al. (1985) ; Ausias et al. (1992) ]. For example, the enhancement of the comer vortex size in an axisymmetric 4.5: 1 contraction of a nondilute suspension with particle aspect ratio, up = 276 and volume fraction, 4" = 0.045% ((b&j a 34.3) is accurately predicted by using a theory based on a hydrodynamically isolated ellipsoidal particle [Lipscomb et al. (1988) ]. It should be noted that the transition from a dilute suspension with noninteracting particles to a nondilute suspension with interacting particles occurs at &zs = 0( 1). Therefore, depending on the flow problem, certain aspects of the material response can be less sensitive to some of the geometrical or physical suspension parameters. More specifically, for two-or threedimensional internal suspension flows, relevant flow parameters such as entry length, vortex size, reattachment length, spatial variation of the maximum or average velocities, pressure drop, bulk viscosity, and orientation field may or may not be significantly affected by particle concentration, nonisothermal and non-Newtonian effects, particle aspect ratio, and macroscopic Reynolds number. For different flow geometries, the systematic investigation of such relations between the relevant flow and suspension parameters is very scarce and usually not conclusive. This is mainly due to: (i) mathematical difficulty embedded in rheological models; (ii) experimental difficulty in collecting reliable data. Nevertheless, with the help of studies trying to make the rheological models computationally tractable, numerical solutions of a few complex suspension flows became available during the last decade. Among the numerical methods developed for complex anisotropic suspension flows, the most notable studies are published by Evans (1975) , Papanastasiou and Alexandrou (1987) , Lipscomb et al. (1988) , Chiba et al. (1990) Rosenberg et al. (1990) , Phan-Thien and Graham (1991) Altan et al. (1992) , Ranganathan and Advani (1993) , Szeri and Leal (1994) , Ahmed and Alexandrou (1994) , and Tang and Altan (1995) . Most of these studies, however, utilized simplifying assumptions for representation of the flow-induced orientation field. One such commonly used approximation is the representation of higher order moments of the orientation distribution function, *(p,t), through lower order moments (i.e., also known as closure equations). The overall behavior and accuracy of closure equations proposed by Hand (1962) (' i.e., linear closure), Hinch and Lea1 (1976) (i.e., composite closure), Doi (1981) (i.e., preaveraging or quadratic closure), Tucker (1987, 1990 ) (i.e., hybrid closure) is addressed by numerous studies [see, e.g., Tucker (1987, 1990) ; Altan et al. (1989) ; Maffettone and Marrucci (1991) ; Altan and Tang (1993) ; Szeri and Leal (1994) ; Tang and Altan (1995) ]. Since exact solutions of the orientation structure are not available for nonhomogeneous flows, the accuracy of these approximations has been studied only in simple homogeneous flows. The only exception to this is a recent study by Tang and Altan (1995) where quadratic closure equations for fourth-and sixth-order orientation tensors are found to result in unstable results and grossly underpredict the fully developed length in a channel entry flow. Nevertheless, despite their potential errors, the use of closure equations has been accepted as a viable method for complex flows because of their simplicity. We would like to point out that recent attempts have been made to develop alternative and more accurate solution methods [Szeri and Lea1 (1992, 1994) , Akbar and Altan (1992) , Tang and Altan (1995) ]. These methods are based on the rotation dynamics of individual particles, and have been successfully implemented for a one-dimensional, time-dependent, pressuredriven channel start-up flow [Szeri and Leal (1994) ] and for a two-dimensional, steady channel entry flow [Tang and Altan (1995) ].
One of the important aspects of simulating a complex suspension flow has been to accurately describe a three-dimensional orientation structure throughout a three-dimensional geometrically complex domain as it applies to injection molding. However, full-scale implementation of anisotropic constitutive models for a time-dependent, threedimensional flow with free surface is not computationally feasible. Consequently, all fiber-reinforced injection molding simulations are currently performed by neglecting the effect of the particles on the flow (i.e., assuming that the volume fraction is so low that the flow kinematics is not affected by the particles) and using closure approximations [Altan et al. (1990) ; Matsuoka et al. (1990) ; Tucker (1992b, 1992~) ; Frahan et al. (1992) ; Gupta and Wang (1993)] .
In this study, we develop the closed-form solution for the orientation field in a radially diverging, steady Newtonian flow between parallel plates. Our analysis is based on the Jeffery's theory (1922) of hydrodynamically isolated, inertialess fibers, and hence, the effects of the particles on the flow kinematics are not taken into account. With the availability of exact closed-form expressions, the analysis of inaccuracies involved in closure equations becomes possible. Towards this end, we choose to concentrate on quadratic and hybrid closure equations which arc the two approximations used most often in injection mold filling simulations. The selected flow geometry, also known as a centergated disk, yields a two-dimensional axisymmetric flow with nonzero velocity gradients on two orthogonal planes. Since the flow decelerates radially, an extensional velocity gradient in the tangential direction tries to align particles perpendicular to flow. Through the cavity thickness, however, the shearing component competes with the extensional effects, and tries to align fibers in the flow direction. Another factor that complicates this analysis is the variation of velocity gradient in the flow direction. As the flow decelerates radially, the particle affinely moves with the flow, and from a Lagrangian viewpoint, is subjected to a time-dependent velocity gradient. Hence, we believe the velocity field has the important mathematical features of a complex flow and, unlike homogeneous flows (i.e., simple and pure shear flow, uniaxial and biaxial extensional flow, shearingstretching and shearing-rotating flow), represents a realistic test regarding the feasibility of closure equations.
Moreover, a radially diverging flow between two parallel plates is commonly encountered in actual mold filling operations. In many cases, the molten material enters into the mold cavity from a narrow inlet gate and subsequently fills the cavity by diverging radially into the mold. Therefore, the filling of a center-gated disk and the resulting orientation field have been widely studied [see, e.g., Vincent and Agassant (1986) ; Darlington and Smith (1987) ; Ranganathan and Advani (1993) ], and some useful experimental data on the three-dimensional orientation structure recently became available Tucker (1992b, 1992c)] .
In this study, we would like to concentrate on the following two basic issues.
(1) The feasibility of using Jeffery's theory of particle rotation to evaluate orientation field in injection molded parts without accounting for the effect of particles on the flow (i.e., without using an auisotropic constitutive model). Obviously some of the process parameters, such as required injection pressure cannot be predicted by the sole use of Jeffery's theory. However, for thin-gap-width cavities, flow-induced orientation field may not be heavily dependent on volume fraction, and therefore, an analysis based on the rotation of a single fiber may be quite accurate. (2) The overall effect of errors induced by the closure approximations in complex suspension flows. The magnitude of these errors may be large enough to render otherwise accurate orientation predictions unapplicable. It is possible that the improvement in the accuracy of orientation calculations due to: (i) including nonisothermal viscous heating effects; (ii) using a temperature-and shear-rate-dependent resin viscosity; (iii) modeling the process as a time-dependent flow with a free surface, may be much smaller compared to errors introduced by closure approximations. If that is the case, unless the orientations equations are solved accurately, the experimental verification of the orientation field cannot be performed regardless of the accuracy in molding simulations.
II. THEORY
It is customary to use a unit vector to specify the orientation of an ellipsoid of revolution suspended in a Newtonian fluid. The orientation vector p coincides with the major axis of the ellipsoid of revolution and rotates with the bulk fluid deformation. The motion of a rigid, neutrally buoyant, non-Brownian ellipsoidal particle in homogeneous flows is first studied by Jeffery (1922) . The particle is also assumed to be inertialess, hydrodynamically isolated from any far-field disturbances, and small enough such that the Stokes flow is applicable at the particle's length scale. For such cases, the time rate of change of the orientation vector of an ellipsoid of revolution can be expressed as di = (~ij+~ij)Pj-APiP@@lk~ where KIij and Dij are the vorticity and strain rate tensors, respectively,
Dij=2 z+z.
J ' The parameter h in Eq. (1) is a function of particle aspect ratio up (i.e., length to diameter ratio of the particle), and defined as u;-1 x=a2+1.
(3)
It should be noted that Cartesian tensorPnotation is used throughout the text and summation over repeated indices is implied. The ellipsoid of revolutions, with two equal principal axes, can be classified as oblate or prolate spheroids. For oblate spheroids, the equal axes are larger than the third axis. Therefore, up = l/d -C 1, and -1 G X < 0. For prolate spheroids, the equal axes are smaller than the third one. Therefore, UP = l/d > 1, and 0 < X s 1. In this study, although the analysis and the governing equations are presented for a general ellipsoid of revolution, the closed-form solutions and results are presented for the limiting case of infinite aspect ratio (i.e., slender body theory, A = 1). As shown later, taking X = 1, yields a simpler yet sufficiently accurate model for large-aspect-ratio fibers (e.g., up > 10). j
The rotation of particles in nondilute systems (i.e., #& > 1) may not be fully described by Eq. (1) since the hydrodynamic interactions between particles are not accounted for. Hence, for such cases, different forms and extensions of Jeffery's equation are proposed. One approach is to include an additional term in Jeffery's equation similar to the rotary Brownian diffusion used for microscopic particles. Such extensions to Jeffery's equation are experimentally observed to be useful in simulating the interactions between particles for nondilute systems [Folgar and Tucker (1984) ; Stover et al. (1992) ]. Nevertheless, even for nondilute systems with +pi = 50, the deviation of particle rota tion from Jeffery's orbits are observed to be rather small. Therefore, one may expect the validity of Eq. (1) to extend over nondilute suspensions with minor changes in particle behavior. The applicability range as well as robustness of Jeffery's theory have also been addressed by two recent articles. The first one suggests that the magnitude of the deviation from the Jeffery's orbits in semidilute range is very small for slender particles [Yamane et al. (1994) ]. In particular, the interaction coefficient, Cl, which is a measure of this deviation, is reported to be at the order of 10-4-10-9 for particles with aspect ratio 10 and 16.9 [e.g., see Fig. 5 in Yamane et al. (1994) ]. Moreover, the magnitude of C, will be even smaller for particles with a higher aspect ratio (e.g., up z 20). It is interesting to note that the values for CI found by Yamane et at'. are much smaller than those values suggested by Folgar and Tucker (1984) which are only in the range of lo-*-10-3. If the results presented by Yamane et al. are accurate estimates of the interaction between fibers in semidilute regime, then the Jeffery's theory for an inertialess, hydrodynamically isolated particle may be utilized in both dilute and semidilute systems containing slender fibers without significant errors. The second recent article on this topic, written by Ingber and Mondy (1994), presents numerical simulations of the rotation of rods and spheroids subjected to a variety of shear flows. The wall and interparticle effects on the three-dimensional rotation of the particles are studied. They have also concluded that the Jeffery's theory provides sufficiently accurate description of the particle orientation trajectories for linear and nonlinear shear flows, even in the close proximity of other particles and rigid walls.
In a general three-dimensional homogeneous flow where the velocity gradient tensor Uij is spatially uniform, the analytical solution of Eq. (1) with the initial condition E = I (unit tensor). This representation describes the time-dependent rotation of a spheroidal particle and is valid for both two-and three-dimensional orientations and flow fields. The flow kinematics specified by Klii and Dii can also be time dependent. For infinite-aspect-ratio particles (i.e., slender bodies with A = l), the particle rotation tensor Eij becomes the actual strain tensor of the flow field, and is defined as (6) where Xi and ~9 are the fluid particle coordinates at times t and to, respectively.
On the other hand, the closed-form solution of the orientation vector is not generally possible for a complex flow. Also, in suspensions, a continuum description is needed to describe the microstructure evolution and the resulting rheological behavior. The dynamics of this evolution is determined from the rotation dynamics of a particle, and is mathematically represented by an orientation distribution function, q(p). The orientation distribution function can be determined by solving the governing partial differential equation expressed as JWPJ)
GiWPJ,l -=-at JPi '
where pi is given by Eq. (1). Equation (7) is a form of the Fokker-Planck equation, and can be applied to homogeneous flows with negligible Brownian motion. However, for two-or three-dimensional flows with spatially nonuniform velocity gradients, the accurate solution of Eq. (7) is not computationally feasible. For such cases, differential evolution equations are used with closure approximations to characterize the orientation field. The well-known evolution equations for the second-and fourth-order orientation tensors are given as [see, e.g., Tucker (1987, 1990) ; Altan et al. (1989 Altan et al. ( , 1992 ; Altan and Tang (1993)] dS.. 9
where Sij and sijkl are the second-and fourth-order orientation tensors, which are, in fact, moments of the orientation distribution function, q(p) Sij = (ppj> = I Pipj'J'(P)dp,
P In a complex suspension flow, either Eq. (8) or Eq. (9) can be independently used to obtain the orientation field. For a general three-dimensional flow and an orientation description, Eq. (8) can be explicitly written as a set of five coupled ordinary differential equations to evaluate five independent Sij components. Similarly, Eq. (9) represents a set of 14 coupled differential equations for 14 independent sijkl components. Obviously, sijkl components collectively contain more information about the orientation distribution compared to Sij components. In addition, Sij can be calculated from sijkl components by using the relation sij = Sijkk . However, since solving Eq. (9) is much more computationally intensive compared to Eq. (LX), the selection usually depends on the required accuracy and the necessary level of orientation description. For example, if an auisotropic COnStitUtiVe equation is to be used in the form Of aij = f(Sjj& >Uij ;a,,+"), then the proper choice may be to implement a method that directly evaluates sijkl . However, if the effect of particles on the flow kinematics is to be neglected, then the orientation structure can be adequately described by orientation ellipsoids obtained from Sij components [Altan et al. (1989 [Altan et al. ( , 1990 ]. It should be noted that Sij and sijkl components cannot be uniquely determined from Eqs. (8) and (9). These equations as expressed above do not form a closed set of differential equations; that is Sijkl in Eq. (8) and Sijklmn in Eq. (9) are unknowns. TO avoid this problem, sijkl and sijklmn C~II be approximated by using Sij and sijkl components, respectively. Among numerous different order and types of approximations, we choose to concentrate on two commonly used equations. The first one is the hybrid closure equation for the fourth-order orientation tensor,
where f is dependent on the third invariant of Sij as f = l-27 det Sij, and S$k] is the linear approximation for sijk[
The second one is the quadratic closure equation for the sixth-order orientation tensor,
After implementing these approximations, Eqs. (8) and (12)- (14) represent a closed set of ordinary differential equations to evaluate Sij . Similarly, Eqs. (9) and (15) represent an altemahe set of equations that evaluates sijk [ . In complex suspension flows, both sets can be numerically solved either along the particle path lines (i.e., Lagrangian approach) or, if material derivative is used in Eqs. (8) and (9), on preselected grid points throughout the flow domain (i.e., Eulerian approach). Currently, almost all the articles which try to predict orientation structure in injection molded parts implement either one of the closure equations [Altan et al. (1990); Matsuoka et al. (1990) ; Tucker (1992a, 1992b); Frahan et al. (1992); Friedrichs et al. (1993) ; Gupta and Wang (1993) ]. In the next section, the behavior of these approximations is examined in a Newtonian, steady, radially diverging flow between parallel disks.
III. FLOW AND ORIENTATION FIELD IN A CENTER-GATED DISK
In this axisymmetric flow, the fluid is introduced into a cavity from a narrow inlet gate located at the center. The flow diverges between two parallel disks and decelerates as it moves away radially. The flow field is steady if the fluid is injected at a constant rate, and is characterized by the shear and extensional gradients through the gap width and on the flow plane, respectively. The maximum velocity occurs on the midplane and decreases as radial distance from the inlet gate increases.
The flow geometry and the coordinate systems used for the velocity field and orientation description are shown in Fig. 1 . The two-dimensional velocity and the threedimensional orientation fields are described in cylindrical (i.e., xl, x3) and spherical (i.e., 8,#) coordinate systems, respectively. As Fig. 1 indicates, xl (or radial axis r) coincides with the flow direction, and x2 is on the flow plane and perpendicular to xl. In addition, half-gap-width h, and maximum velocity at the entry U,,, are used as the length and velocity scales to nondimensionalize the flow parameters.
After assuming a fully developed velocity profile at the entry of the disk (i.e., at xl = l), the nondimensional velocity profile can be expressed as Ul =f(x1,x3)= ;(l-X;), osx3s 1, 1 sxr.
The previous orientation field studies in a center-gated disk geometry were not conclusive in determining the orientation structure at large distances from the entry (i.e., as xl + 00). Also, as x1 --) ~0, the existence and uniqueness of a stable orientation structure through the gap width is not studied. If a stable orientation exists at large radial distances, the length scale at which the orientation transients cease is also very important. Specifically, the rotation rate of a fiber can be very small when it is approaching a stable orientation, thus yielding a rather large length scale showing transient orientation behavior. Consequently, in numerical simulation of suspension flows, the flow domain may be selected too short without a priori knowledge of this length scale, and thus, the fully developed condition on the orientation field may be prematurely imposed. As shown in this article, the exact analytical solution for the orientation field suggests a well-defined and stable orientation structure at a large radial distance from the inlet gate. The details of the evolution of this stable orientation are also revealed. Based on the Newtonian, steady velocity field given by Eq. (16), the velocity gradient tensor u ij on any x I -x3 plane is obtained in rectangular coordinates as
It should be emphasized that the velocity gradients are not spatially uniform, and as Eq. (17) indicates, each fiber experiences continuously changing shear and extensional gradients depending on its x1 and x3 location. In addition, as each fiber is moving through the flow domain, its x3 location remains constant (i.e., u3 = 0). In this study, we choose to focus on the behavior of a slender fiber in the limiting case of A = 1. Although the presented analysis can be easily extended to finite-aspect-ratio fibers, except for their infrequent and rapid tumbling in shear flows, most of the important rotational characteristics are contained in the behavior of an infinite-aspect-ratio fiber. Hence for a slender fiber, Eq. (5) can be expressed as (18) which GUI be solved for Eij a~
The exact solution of the particle rotation tensor Eii would make it possible to obtain the three-dimensional orientation distribution function 'u(p) as where Aij is the inverse of particle rotation tensor Eij . Equations (19) and (20) characterize the orientation field completely throughout the center-gated disk from an Eulerian viewpoint. With the availability of a closed-form expression for the orientation distribution, exact values of the components of orientation tensors Sij and sijk, can be evaluated numerically from their definitions given by Eqs. (10) and (11). Once the integrations are performed, the maximum orientation angle and the degree of fiber alignment with respect to maximum orientation angle can be simply obtained from the eigenvector and eigenvalues of the second-order orientation tensor, Sij . In three-dimensional flow and orientation space, the components of Sij can be used to construct an orientation ellipsoid, which is suitable for graphical presentation of orientation field in a complex flow. Equation (20) describes the orientation distribution throughout the flow domain in case of isotropic (i.e., random orientation without any directional preference) initial distribution of fibers. The coefficient 1/47r is determined from the normalization condition applied at the inlet (i.e., x1 = 1) as I WP, 1 ,x&Q = 1,
where integration is carried out in the orientation space. It is also possible to evaluate Sij and Sjjkl components for any other inlet orientation structure. This capability is rather useful in a center-gated disk where the fibers, instead of being isotropically oriented at the inlet, are mostly aligned in the flow direction as they pass through a vertical, narrow gate. Thus, specifying the initial orientation to represent an alignment in x3 direction at the inlet is more appropriate compared to specifying a random orientation. Mathematically, any orientation distribution q(p, 1, x3) can be selected at the entry of a center-gated disk, and subsequently, the orientation tensors can be computed within the cavity as
In this study, the integrals given in Eqs. (22) and (23) are evaluated numerically by using a double precision IMSL subroutine for integration, DTWODQ. In the next section, the results depicting the performance of differential evolution equations are presented. In addition, the theoretical predictions for the Sij components are compared with the available experimental measurement of the orientation structure at different radial distances from the inlet gate.
IV. RESULTS

A. Performance of closure equations
The behavior of a closure equation in a steady, radially diverging flow between parallel disks is a good indication regarding its suitability for adaptation to complex flows since:
(1) the flow has nonzero velocity gradients on two different orthogonal planes (i.e., xl-x3 and x,-x2 planes), (2) the flow has spatially nonuniform velocity gradients, (3) each particle is subjected to continuously changing velocity gradients along its path.
In this paper, the term complex flow is used for a subclass of nonhomogeneous flows (i.e., flows with spatially nonuniform velocity gradients) where the form of the velocity gradient tensor or the relative magnitude of its components vary along the fluid path lines. For example, a steady, Newtonian, two-dimensional channel or pipe flow as well as a time-dependent, pressure-driven, start-up flow between infinitely large, parallel plates have spatially nonuniform velocity gradients; therefore they are nonhomogeneous flows. However, the velocity gradient tensor, Uij, in these flows have the same form along the particle paths that can be fully described by a position-or time-dependent shear rate. Therefore, the total shear (In general, the total shear, y, at a given location, xi, and at a given time, r, is defined as y(ni ,t) = Jbj~(xi ,t')dt'.) that a particle has experienced is the only necessary flow parameter to characterize the orientation field. Once the total shear is determined, the calculation of the orientation structure is mathematically not different from that of a simple shear flow. Consequently, a closure equation that is accurate for the simple shear flow will also perform just as good in nonhomogeneous flows that can be completely characterized by the total shear. From this viewpoint, we do not consider these nonhomogeneous flows as complex flows within the context of this paper.
As stated earlier, we assume a slender fiber with A = 1 and choose to concentrate on evolution equations given by Eqs. (8) and (12)- (14) (referred to as hybrid), and by Eqs. (9) and (15) (referred to as quadratic). For comparison purposes, the initial fiber orientation at the inlet is taken to be isotropic, thus St1 = Sz2 = S33 = l/3. Then the evolution equations are solved numerically along the particle path lines by using the local velocity gradient tensor Uij (Xl , x3) . In this formulation, evolution equations utilizing hybrid and quadratic closure equations represent a set of 5 and 14 differential equations, respectively. However, Sij has only 3 and S'ijkl has only 8 independent components due to geometric symmetry of the center-gated disk. After evaluating Sijk/ components, Sij is obtained by using Sii = S;jkk . The behavior of these closure equations is shown in Figs. 2(a)-2(c). All the figures are drawn up to xt = 20, since most of the orientation transients occur within that region.
Figure 2(a) shows the variation of S 1I along the radial distance from the inlet gate at three different locations through the thickness (i.e., x3 = 0,0.4,0.8). At the midplane, where x3 = 0, S 11 rapidly goes down to zero since on the midplane only negative extensional velocity gradient exists. Concurrently, as shown in Fig. 2(b 
__---_--. a relatively short distance from the inlet, predominant fiber orientation on the midplane is expected to become perpendicular to flow direction. The degree of alignment perpendicular to flow direction gradually decreases towards the top or bottom walls, and as x3 approaches one, asymptomatic value of Stt increases, thus indicating a higher alignment along the flow direction. As shown in Figs. 2(a)-2(c) the behavior of both closure equations may be acceptable at the midplane; however, the closure equations fail completely throughout the thickness with the inclusion of shear gradient effects. Predictions of both closure equations start diverging rapidly from the exact solution near the inlet, and asymptotically approach incorrect values at large radial distances. Exact results indicate that as x t -+ 00, both S 13 and S33 go to zero, which leaves Sit and SOP as the only nonzero components, thus representing an almost planar orientation structure. After the orientation structure becomes planar, due to axisymmetry, the preferred direction is either in the flow direction or perpendicular to it. Near the inlet, however, the preferred orientation can be on the xt -x3 plane at regions near the top and bottom walls. The preferred orientation variation throughout the flow domain is evaluated from the exact solutions, and illustrated in Fig. 3 up to x t = 20. In Fig. 3 , plus signs at the inlet represent isotropic orientation distribution whereas dots near the midsections indicate x2 as the principal FIG. 3 . Maximum orientation angles through the gap width in a center-gated disk up to x1 = 20. xJ direction is expanded 1.5 times for clarity. Plus signs at the inlet designate isotropic orientation distribution. orientation direction. Most of the microstructure evolution occurs within a few gap width downstream, and as xt --+ 00, the stable orientation field is characterized by the so-called skin-core structure. This stable skin-core orientation field at large radial distances can be determined at the desired level of orientation description with the help of Eq. (19). More specifically, Eqs. (4), (22), (23), or (20) can be used in conjunction with Eq. (19) for the limiting case of a very large x t to determine the asymptotic values of pi, Sij, Sijkl, or 9, respectively.
For complex suspension flows, such erroneous behaviors of quadratic and hybrid closure equations for non-Brownian particles has not been reported before. In particular, all the previous studies on hybrid and quadratic closure equations for non-Brownian, slender fibers reported at least correct asymptotic values of Sii and Sijk[ at large deformations in all the homogeneous flows tested. In fact, the nature of the incorrect asymptotic behavior of these closure equations shown in Figs. 2(a) and 2(b) stems from the fact that each fiber is subjected to continuously changing velocity gradients along its path as described by Eq. (17). This point needs to be emphasized and may be best demonstrated by considering a homogeneous flow with a velocity gradient, u$, that has the same nonzero components as the one given in Eq. (17) (24) where c and ct are arbitrary positive real numbers. This homogeneous flow has been considered to be a difficult test case for closure equations, and is often referred to as a shearing-stretching flow. Within the context of Jeffery's theory, one can analytically show that regardless of the particle aspect ratio, initial particle orientation, and the magnitudes of c and ct (i.e., regardless of the magnitudes of shear and extensional rates as long as both are nonzero), each particle will be aligned along the x2 direction as I + a. The only exception to this are the particles that are initially at unstable equilibrium on x1 -x3 plane. These particles, however, depending on their aspect ratio, will tumble continuously on the x 1 -x3 plane under the action of the shear gradient, c 1, and any small orientation perturbation out of the ,x-x3 plane will initiate their eventual alignment along x2. Obviously, the steady orientation structure represents a perfect alignment along x2 (e.g., .I?22 = 1; St t = ,933 = 0) which is completely different from what is observed in a center-gated disk. We have tried both quadratic and hybrid closure equations with the velocity gradient tensor given by Eq (24), and obtained correct asymptotic steady behavior of perfect alignment in x2 direction from both of them for all values of c and c t . Hence, it may be misleading to extrapolate the performance of the closure equations to complex suspension flows based on accuracy test performed only in homogeneous flows.
It should be noted that the orientation evolution equations with quadratic closure approximation gives the exact preferred direction results in both homogeneous and nonhomogeneous flows regardless of the aspect ratio [Altan and Tang (1993) ]. Therefore, if only preferred direction is to be used for orientation characterization, implementing quadratic closure may be the best choice. However, spatial variation of the preferred orientation alone is not useful for determining the physical and mechanical properties as field variables. To evaluate such properties, one needs to implement at least a second-order, or preferably, a fourth-order tensor to describe the microstructure.
B. Comparisons with experimental measurements
Among the experimental studies published on short-fiber-reinforced injection moldings, few actually report quantitative data to describe the orientation field. In addition, most of the quantitative data are presented in such a way that it is not possible to use them to compare with theoretical predictions or to draw general conclusions. Obviously, the three-dimensional nature of orientation distribution necessitates a rather complex image and error analysis for reliable experimental characterization. Recently, Bay and Tucker (1992a) developed a stereological image analysis method to fully characterize the three-dimensional orientation structure. In this method, the orientation field is described in terms of three-dimensional Sij components. Later, in a two-part article, the orientation predictions obtained from numerical injection molding simulations are compared with the experimental findings from a center-gated disk and a film-gated strip Tucker (1992b, 1992c) ].
In this section, the experimental Sij measurements of Bay and Tucker (1992~) in a center-gated disk are compared with the theoretical predictions presented earlier. Although it is unnecessary to repeat all the details of experimental conditions and thermophysical material data used by Bay and Tucker, the basic physical dimensions as well as important aspects of their numerical and experimental procedure need to be reviewed. In their studies, the molded center-gated disk has an outer radius Ro = 76.2 mm, and a thickness 2h = 3.18 mm. The diameter of the inlet gate is not specified, however it may be at the same order of magnitude of 2h. Moreover, unless one specifically seeks for the orientation distribution near the inlet (e.g., S-10 mm from the center of the injection gate), the minor variations of the inlet gate diameter should not effect the orientation field throughout most of the disk. The material used is nylon 6/6 reinforced with 43 wt % glass fibers with average length of 210 pm and average diameter of 11 pm. These fiber dimensions justify the use of slender body theory so that X is taken to be unity. The flow simulation of Bay and Tucker is based on the usual nonisothermal, non-Newtonian generalized Hele-Shaw formulation with a moving surface. The temperature and shear rate dependence of viscosity is characterized by an exponential and power-law relation, respectively. Hence, their analysis uses a time-dependent, nonisothermal, and nonNewtonian velocity field. Fountain flow effects due to the motion of fluid front are also accounted for in orientation calculations.
The orientation field is measured at five different locations (i.e., x t = 5.7, 12.4, 22.8, 29.9, 40.4) and only x1 = 5.7, 22.8, and 40.4 results are provided. However, it is mentioned that the orientation structure observed at 12.4 and 29.9 is similar to that of x 1 = 22.8. The interaction coefficient Cr , which is suggested to model the interactions between particles, is taken to be 0.001. It is indicated that this value is selected to achieve the best fit to experimental data. The inlet orientation condition is taken to be three dimensional and isotropic (i.e., S1 t = S22 = S33 = l/3). The selection of this inlet condition is somewhat unrealistic, since most fibers are aligned along x3 axis as the fluid is injected through a narrow gate perpendicular to flow plane (i.e., xi -x2). The numerical predictions presented by Bay and Tucker do not display satisfactory agreement with the experimental results throughout most of the disk. In particular, away from the inlet gate, the shape and thickness of the core region (specified by the Stt variation through the thickness), and its change with radial distance are not correctly predicted. The experiments show slightly enlarged core from xr = 22.8 to xt = 40.4, whereas numerical prediction by Bay and Tucker showed the contrary behavior. Also, St3 predictions at all radial distances do not show quantitative agreement with the experimental results. They alluded that some of this discrepancy may be due to the hybrid closure approximation which is implemented in solving orientation equations. However, the relative magnitude of these errors in orientation predictions compared to nonisothermal, non-Newtonian, and fountain flow effects remained unanswered.
We choose to compare our results presented earlier with those figures given in Bay and Tucker's article (1992~) . At the inlet, instead of a random orientation, a more realistic orientation distribution with S33 = 0.5, S 11 = S22 = 0.25 is used. Although this is a hypothetical choice, specifying higher alignment in the x3 direction at the inlet reflects the actual mold filling conditions. In our analysis, solution of the velocity field assumes a fully developed parabolic velocity profile at the inlet, which is taken to be at x1 = 1. This is effectively assuming that the inlet gate is circular with diameter 2 h, and that along the outer edges of the gate, the flow is already redirected and fully developed along xl. Clearly, the assumptions involved in the inlet conditions of both flow and orientation distribution will lead to discrepancies between the theoretical calculations and experimental findings near the inlet gate. However, further downstream, the effect of selected inlet flow and orientation conditions will decrease, and the flow kinematics dictated by the mold geometry becomes the dominant factor affecting the orientation structure. Nevertheless, implementation of different orientation structure at the inlet will yield somewhat different orientation field throughout the disk, though the difference is usually not very important. For example, even if a random orientation is imposed at the inlet, the average differences in Stt and St3 values are less than 0.07 and 0.01, respectively.
Figures 4(a) and 4(b) and S(a) and S(b) show theoretical orientation results at xt = 22.8 and 40.4 superimposed on the curves presented by Bay and Tucker (1992~) . S33 variations are not included in these figures since S33 is very small (i.e., S33 5 0.03) at both radial locations, and its variation across the thickness is rather small. As shown in Figs. 4 and 5, theoretical predictions depict very good agreement with the experimental results. In particular, the thickness of the core region and its radial variation are correctly predicted. Moreover, the St3 variations across the thickness at both radial locations indicate excellent agreement with the experimental results. Therefore, based on Figs. 4 and 5, we can conclude that most of the inaccuracies involved in Bay and Tucker's numerical simulations originate from the hybrid approximations implemented to solve orientation equations.
It should be pointed out that since the exact orientation solutions are based on a steady flow without a free surface, the orientation structure in the regions affected by the fountain flow cannot be accurately described. However, the final locations of the fluid particles that have experienced the fountain flow kinematics during the filling of a mold can be approximately obtained from Blake's study (1987) . As a result, the effects of the fountain flow for a Newtonian fluid is shown to be contained between the mold walls and the ~3~ given below Equation (25) assumes a flat fluid front and a much smaller inlet gate diameter compared to the overall mold size so that at the inlet (i.e., x 1 = 0), ~3~ = + 1. It can also be observed from Eq. (25) that depending on the radial location, a certain percentage of the part thickness near the mold walls is affected by the fountain flow. For example, at x1 = 22.8, x3 I = 20.826, and at the end of the mold (i.e., xl = Rulh), x3, = + 1 Ifi. Thus, vertical lines are drawn in Figs. 4 and 5 to indicate these regions. As shown in Figs. 4(a) and 5(a), the sudden changes in the orientation structure near the mold walls are contained within these regions. Obviously, the orientation gradients near the mold walls cannot be described by the steady flow kinematics. 
V. CONCLUDING REMARKS
In this paper, the closed-form solution of the three-dimensional orientation field induced by a radially diverging, steady Newtonian flow between two parallel disks is developed from an Eulerian viewpoint. The accuracy and performance of both hybrid and quadratic closure approximations used in differential orientation evolution equations are investigated. The theoretical orientation predictions are also compared with the available experimental data obtained from the injection molding of a center-gated disk. Based on these analyses, one can conclude the following.
(1) The. flow-induced orientation structure in short-fiber-reinforced injection moldings may be accurately predicted by using suspension theories developed for a nonBrownian, neutrally buoyant, rigid, and hydrodynamically isolated ellipsoidal particle. The orientations equations, however, need to be accurately solved without additional approximations. (2) The most important factor affecting the final orientation structure is the flow kinematics which is primarily dependent on the mold geometry and gate location. Other factors, such as nonisothermal, non-Newtonian, transient effects as well as fiber volume fraction and interaction between fibers may have only secondary and sometimes negligible influence on the orientation structure. (3) Both quadratic and hybrid closure approximations yield significant errors in complex suspension flows, including incorrect asymptotic behavior in a center-gated disk. Their use in conjunction with differential evolution equations in geometrically complex moldings may yield errors large enough to distort or falsify the resulting orientation predictions.
